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Abstract

The work considers a control problem of production schedule to get optimal schedule to minimize the cost of supply
chain (SC). The model is linear time invariant system. The model is solved using open loop optimal control (OLOC)
and closed loop optimal control (CLOC).
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1. Introduction

Optimal control System is a very useful mathematical field with many applications in both science and
engineering. Recent years optimal Control system becomes famous tool to solve a problems of dynamic nature in
management science and operations research [1] applied optimal controls to maximize customers satisification and
reduce operating cost. Sethi and Thompson [2] modeled dynamical systems by sets of differential equations.
Benhadid and Lotfi [3] described how to solve production inventory problem with deterioration item. Chaudhary, et
al. [4] introduced optimal control approach to find solution of demand content Taher and Naglaa [5] described how
to control SC problem with Weibull distribution. Zaher and Zaki [6] studied a model to manage three stages SC. In
this paper research, We describe both approaches which we studied in pervious papers ,we solved supply chain
problem using both open loop optimal control system using principle of Pontryagin and feed back control system
solving the matrix differential equation of Riccati (DRE) [7], [2], [8].

2. Assumptions and Notations
The following assumptions are considered to build the model.
I Final time (length of time horzon).

: Holding cost. of Company
1

: Holding cost of Supplier

]

: The cost of production
: Required production belongs to vendor

: Desired lewvel of buyer.

- wanted scale of retailer.
-

D (t): rate of quantity demanded

g1(f) - Rate of spoiling in company store.
¢ () - Rate of speiling m suppliers stores.
Outputs

pity - Manufacture actual rate.

x1(f) © Level of stock related to company.

xz () - Level of stock related to buyer.
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The performance index of the model can be written as:
Minimize £ =

T

J 1 (P 2
U 2 2 1

Such that

= (1)
n  Kt)-d E )=l .x o Fxg
1 =—dt -8 (£ .1 (0)=xxn
The average deterioration related to the time is in the form: [1]
Fig-1. Probability Density Function

Waibull Probability Dansity Function
1.8 - - - - v v

6(t) = SO =4p 15 t 0

(3)
1-F (9

Fig.1 shows the probability density function of Weibull distribution at different values of the parameters A, B.

3. The Mathematical Model and Analysis
3.1 Open Loop Optimal Control

Starting is by applying Pontryagin maximum principle [7], [9], [8], [2]. The Hamiltonian is written as follows:

T N D S L OB o

To find the optimal control, we maximize by differentiating & equation (6) with respect to  p and setting the

result to zero 'i—H =0 (necessarv condition for ptobe optimal control)
tr

A

ply=p+ ¢

State and Costate Equations:

s

(N
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x, = &4 State equation
1
n =pt)-d(t)-a (hm (&)
Substitute equation (/) into equation (&)
x Trefi-d(t) -6 (x )
1 c 11
it _
+ 17 2 State equation
. -dln)-8 (i (10)
=-é&d Costate equation
&x
- - s ! - tmaa
1 11 1 11 (11)
1 =8 Costate equation
i
i o= he  -xX y+as
2 2 1 2 21 (12}

Solve the previous 4 differential equations (9),(10),(11),(12) with boundarv condition equation (13)
A(M)=0 ,a()=0 ,x (0)=x , x(0)=x0 (13)
1 w2

to get }1:@ :I:@ : {@ md

According to (Naidu 2003) this type of optimal control problem is known as fixed final time and free final state
system.

3.2. Closed Loop Optimal Control
It is clear those equations (1), (2) and (3) can be changed by simple substitution to become identical to general
form of linear quadratic regulator system defined in ( [7], [8], [10] Minimize j =

T
| (G 00D+ (DR(Du(D)) a (14)
) 2
Subject to
x(f) = A(foe(f) + Bl (13)

The boundarv conditions are
x(0)=xp . Tis fixedand y7 ) [s free.

The solution of equations (14) and (15) is as flowing:

Step 1: solve the matrix differential Riccati equation [7, 8].
- (16)
M(f)=-M () Al) - A'(OM () —0(0) + M(OBOR  (DB'(OM (1)
With Final Condition
M (t=T) =F (T )=0
The analytical Solution of Differential Riccati Equation (DRE) is given by Kuo [7] and Naidu [8].
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18
M(t)=[wa+wnH(r)] [win+w2H(r)] 1%

where

r=T—t

A - Diagonal matrix contzins the eigen values of matrix

[Aft) —B(: 8 B (171
T

| |
-Qt)  -a() |
W: Matrix of eigen vectors correspond to diagonal matrix A be defined as
w=lw W
| u o

|_ 1II..Jl -H-J.J 4

Step 2: Solve optimal state x form
i) = [4) —BOR ™ (OB M@k (19)
With initial condition x(0) = xq.
Step 3: obtain the optimal control w(f) as

_ )
u)) = (XL (OB (M Op(t) (20)

4. Numerical Example
The presumed parameters of this example assume as in table 1.

Table-1. Parameters Given

Parameters C h, h, X1
Values 9 15 10 12 40

¥
Parameters 2 |[X10 |X20 A B
Values 25 10 15 1 1

Where

¢, hy , h, are the production cost , the company holding cost and the suppliers holding cost per unit product.
Respectively

p°, X"1.X", are the production goal rate, inventory goal level of the company and inventory goal level of the
suppliers.

4.1. Solution using Open Loop Optimal Control

First step is to solve set of differential equations (9),(10),(11),(12) with boundary condition (13) using Toolbox
of MATLAB version (7).

Second step is to substitute in equation (7) to get optimal Production.

The solution for optimal production is plotted in Fig.2.

The values of inventory levels = (T) .= (7) . rate of production p(r) and objective function are summarized

in table 2. 1.e these values are calculated at time ;=7 =] at end of time honzon.

Table-2. Results at t=T =1

Parameters x(T) x(T) A7) J

Values 15 2 15 3716
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Figure-2. Optimal Production using OLOC
Optimal Producton using Open Loop Optimal Contro

4.2. Solution using Closed Loop Optimal control
First step: various quantities is identified as:

-1 07 M7 fo ol
A=, Lu: B=| | :Q= |:
|0 Lol Lo 12
o ol
F=;" . R=9. T =1
o 9

Second step: The solution of matrix differential Riccati is exist in equation (18), solve equation (19) for optimal
states ( x1 (t), x2 (t) ) and optimal control ( u(t) )in equation (20) using MATLAB. The optimal production as
function of time is plotted in Fig 3.

Figure-3. Optimal Production using CLOC.
Opiimal Produciion using iCiosed Loop Opiimal Control
o T . - -

e values of mventory levels x (T ), x(T) ,rate of production p(7) and objective function j are nearly the
same as table 2. The optimal production rate which is obtained from using close loop optimal control is identical to

using open loop optimal control but the closed loop optimal control is more stable and simpler than open loop
optimal control.

5. Conclusions

This Study has studied the solution of dynamic supply chain model which consists of company and suppliers
and customers focusing in using engineering control system to find optimal manufacture schedule that decrease the
cost of the model. The model can be extended to become optimal control system with infinite time horizon case and
the frequency response of the system can be studied, we can make comparison between local minimum and steady
state value of the system.

References

[1] Baten, M. A. and Kamil, A. A., 2009. "An optimal control approach to inventory-production system with
weibull distributed deterioration." Journal of Mathematics and Statistics, vol. 5, pp. 206-214.

[2] Sethi, S. P. and Thompson, G. L., 2000. Optimal Control Theory, Applications to Management Science and
Economics. 2nd ed. USA: Springer, USA., Inc.

22



[3]
[4]

[5]
[6]

[7]
[8]
[9]
[10]

Sumerianz Journal of Scientific Research

Benhadid, Y. and Lotfi, T. B. M., 2007. "Optimal control of inventory systems with deteriorating items and
dynamic costs." Applied Mathematics, vol. 8, pp. 194-202.

Chaudhary, K., Singh, Y., and Jha, P. C., 2011. "Optimal control policy of production and inventory system
for deteriorating items in segmented market." In International Conference of Industerial Engineering and
Operations Management. pp. 1009-1015.

Taher, T. Z. and Naglaa, R. S., 2017. "Genetic Algorithm for solving dynamic supply chain problem.”
International Journal of Engineering Business and Management, vol. 1, pp. 50-53.

Zaher, H. and Zaki, T. T., 2014. "Optimal control to solve production inventory system in supply chain
management.” Journal of Mathematics Research, vol. 6, pp. 109-117.

Kuo, B. C., 1975. Automatic control systems. 3rd ed. Englewood Cliffs, New Jersy: Prentice — Hall Inc.
Naidu, D. S., 2003. Optimal control system. CRC Press LLC.

Morton, ., Kamien, and Nancy, C. L., 1981. Dynamic optimization. 2nd ed. E Isevier North Holland Inc.
Ogata, K., 2010. Modern control Engineering. 5th ed. Printce Hall.

23



